We investigate the Rabi oscillation of an atom placed inside a quantum cavity where each mirror is formed by a chain of atoms trapped near a one-dimensional waveguide. This proposal was studied previously with the use of Markov approximation, where the delay due to the finite travel time of light between the two cavity mirrors is neglected. We show that Rabi oscillation analogous to that obtained with high-finesse classical cavities is achieved only when this travel time is much larger than the time scale that characterizes the superradiant response of the mirrors. Therefore, the delay must be taken into account and the dynamics of the problem is inherently non-Markovian. Parameters of interest such as the Rabi frequency and the cavity loss rate due to photon leakage through the mirrors are obtained.
I. INTRODUCTION
Many applications in quantum information processing rely on the strong interaction between stationary two-level emitters and photons [1] . This can be realized in cavity-QED (CQED) where an atom is placed inside a high finesse cavity [2] [3] [4] [5] [6] , or waveguide-QED where the atom is placed inside or near a one-dimensional (1D) waveguide such as hollow-core fibers, fiber-taper waveguides and photonic crystal waveguides [7] [8] [9] [10] [11] [12] . As CQED has become a well-established field, important experimental progress has been made toward enhanced coupling between atoms and the field in 1D waveguides [11, 12] .
A hybrid strategy that combines the appealing features of both approaches has been proposed by Chang et al. in Ref. [13] , where a chain of atoms trapped near a 1D waveguide is used as a mirror in a cavity setup (see Fig. 1 ). In this seminal work, it is assumed that the collective response time of each atomic mirror is much longer than the time it takes for the photon to travel from one mirror to the other, and as a consequence the delay due to this travel time is neglected. This approach is the Markov approximation commonly used to accurately describe the interaction of photons with many atoms in a wide range of experimental situations. There are, however, certain cases where this assumption is not necessarily justified [14, 15] . Here, we show that in the Markovian regime the lifetime of the photon inside the cavity is not enhanced by the presence of the mirrors, and therefore sustained Rabi oscillation analogous to that observed in conventional CQED setups cannot be obtained. Indeed, it is in the non-Markovian regime, where the response time of the atomic mirrors is much smaller than the delay, that Rabi oscillation in the usual sense is achieved.
As depicted in Fig. 1 , the problem under consideration involves an atom, initially in the excited state, located between two quantum mirrors each consisting of N equally spaced atoms trapped near a 1D waveguide. The position of this central atom is at an antinode of the standing wave in the cavity in order to maximize the coupling. We study how the excitation probability amplitude of the central atom c 0 (t) evolves with time. Our approach is valid for both Markovian and non-Markovian regimes. The figures of merit such as the Rabi frequency and the cavity loss rate through the mirrors are computed. Our main result is that the vacuum Rabi oscillation of the central atom is given by c 0 (t) ≈ e 
where d is the distance between the two atomic mirrors, γ the single-atom decay rate into the waveguide modes and v g the group velocity of light in the cavity. One sees from the above expression that the cavity loss rate is κ = γ/(1 + N γd/v g ) 2 and the Rabi frequency is Ω Rabi = γ 2N/(1 + N γd/v g ).
The results obtained in Ref. [13] , where Ω Rabi ≈ γ √ 2N and the loss rate is comparable to γ, are retrieved in the limit N γd/v g → 0, which corresponds to the Markov approximation. At the other extreme when d/v g 1/(N γ), the lifetime of the photon inside the cavity is greatly enhanced similarly to conventional CQED setups. Since N γ is the collective decay rate of the atomic mirror, 1/(N γ) is the time scale of the mirror's response. Thus, the strong interaction regime analogous to that achieved with high-finesse classical mirrors is inherently non-Markovian. In this regime, the Rabi frequency Ω Rabi ≈ γ 2v g /(γd) depends on the cavity length instead of the number of atoms in the mirrors. The ∼ 1/ √ d dependence is expected because in one dimension d plays the role of the modal volume of the field in the cavity.
II. QUANTUM CAVITY
Let us first describe the atomic mirror formed by a chain of N 1 identical two-level atoms strongly coupled to a one-dimensional waveguide and equally arXiv:1505.07908v2 [quant-ph] 5 Feb 2016 spaced by a distance d m , as illustrated in Fig. 1a . For a monochromatic single photon impinging on the atomic mirror, the reflectance R m strongly depends on the lattice constant d m and the detuning ∆ between the frequency of the input photon and ω A [16] . When the phase accumulated between two atoms of the chain ω A d m /v g is a multiple of π, the reflectance for a photon close to resonance takes the form of a broadened Lorentzian [13] 
The reflected frequency bandwidth is thus N γ, which is significantly enhanced by the large number of atoms in the chain, as shown in Fig. 2 . Moreover, while the reflectance is sensitive to small fluctuations in the atomic positions x j + δx j for some specific frequencies, the overall reflection coefficient of a broad bandwidth photon remains close to unity. This is an example of the wellknown Bragg mirror [17, 18] and we will focus on this geometry for the rest of the paper. The presence of N atoms in the mirror also leads to a superradiant decay at a much higher rate N γ, as recently observed experimentally [19] . The time scale of the collective response of the atomic mirror is thus 1/(N γ), which will play a key role in the following. We now consider the complete quantum cavity system formed by a central atom located between a set of two atomic mirrors [13] , as illustrated in Fig. 1b . This central atom is identical to those of the mirrors. An important parameter controlling the interaction between the central atom and the cavity is the phase shift acquired by a resonant photon across the cavity θ ≡ ω A d/v g . We will focus on the case θ = (2n+1)π, where n is an integer, such that ω A corresponds to a natural mode of the cavity. In this configuration the central atom is located at an antinode of this mode, maximizing its interaction with the cavity electromagnetic field. All the atoms are assumed to be strongly coupled to the 1D waveguide and we first neglect losses due to the coupling with the environment. Effects of this noise will be discussed later.
The atomic transition frequency ω A between ground |g and excited |e states is assumed to be much larger than the cutoff frequency of the waveguide. The dipole Hamiltonian describing the coupling between the atoms and the light field, under the rotating wave approximation, is then given by [20] 
where g ω is the coupling constant, x j is the position of atom j with raising ladder operatorσ j + ≡ |e j g|, andâ ω andb ω respectively annihilate right-going and left-going photons. In this work we use the Weisskopf-Wigner approximation and set g ω = g ω A . Under this assumption, the decay rate of a single atom into each waveguide spatial mode is γ ≡ 2πg 2 ω A [20] . It should be noticed that under typical experimental conditions, the cavity operates in a regime where γd/v g 1 N (see Table I ). In particular, in the limit N → ∞ where the mirrors would ideally reflect all frequencies, one would expect to recover Rabi oscillation between the central atom and the cavity field as described in the framework of cavity quantum electrodynamics. However, as emphasized in the introduction, the key parameter which determines the dynamics of the quantum cavity is given by the ratio between half the cavity round-trip time and the atomic TABLE I. Experimental parameters for a trapped cesium atom [19] and quantum dot [11] coupled to a photonic-crystal waveguide, and superconducting qubit coupled to a 1D coplanar waveguide transmission line [21] mirrors response time N γd/v g .
III. TIME EVOLUTION
We consider the situation when the atoms in the mirrors are initially in the ground state, while the central atom is prepared in the excited state. The Schrödinger equation yields the following delay differential equations for the atomic excitation amplitudes (see Appendix A)
where we have formally integrated the field variables,
amplitude of the atoms forming the mirrors and Θ(t) is the Heaviside-step function. Here l is the integer defined
Moreover, the delay due the traveling time of a photon exchanged between the central atom and the two mirrors forming the cavity is included. These equations can be solved by Laplace transform. It is straightforward to show that the transform of c 0 (t) isc
The excitation amplitude c 0 (t) is then obtained by taking the inverse Laplace transform. We show below that a compact analytical expression for c 0 (t) is possible in the regime of interest γd/v g 1 N . As mentioned above we will mainly consider the case θ = (2n + 1)π, which is assumed in the rest of the text unless stated otherwise.
A. Markovian regime
We first apply the Markov approximation and neglect the delay d/v g , which is valid if this delay is much smaller than the collective response time 1/(N γ) of the atomic mirrors. By setting d = 0 in Eq. (5) and obtaining the inverse Laplace transform, we find that, when
, which is consistent with the results of Ref. [13] . In other words, the central atom undergoes damped oscillations at the frequency Ω Rabi ≡ √ 2N γ, which however is not similar to the sustained Rabi oscillations often encountered in conventional CQED. Indeed, the associated decoherence rate γ/2 is found to be comparable to the decay rate of a single atom into the waveguide modes when the mirrors are not present, which suggests that the photon is actually not trapped in the cavity. Moreover, the oscillation frequency Ω Rabi depends on the number of atoms in the mirrors, while the Rabi frequency usually depends on the modal volume of the field inside the cavity [22] , which for our 1D architecture is given by the distance d between the two mirrors.
To provide further insight on why the oscillations in the Markovian regime do not show the usual features observed in conventional CQED, we recall that by neglecting the delay one has assumed that the central atom and the mirrors feel the influence of each other instantaneously, i.e. d/v g 1/(γN ). Now for a propagating photon to be trapped in the cavity, its real-space distribution [23] must have a width at most comparable to d. This implies that the spread of this photon in momentum space is bounded by ∆ω v g /d. On the other hand, ∆ω has to be smaller than the reflection bandwidth γN of the atomic mirrors, which implies that d/v g 1/(γN ), where 1/(γN ) is the collective response time of the mirrors. This inequality manifestly contradicts the Markov approximation which assumes the delay to be smaller than any other dynamical time scale in the cavity.
The above discussion makes it clear that the dynamics of the system is inherently non-Markovian in the regime where the photon is trapped in the cavity. Moreover, the critical parameter that determines the transition between the two regimes is N γd/v g .
B. Non-Markovian regime
We now study the time evolution of the central atom in the non-Markovian regime, where N γd/v g may not necessarily be small. This requires solving Eq. (4) without neglecting the delay. The typical procedure for obtaining the inverse Laplace transform is to expandc 0 (s) in a geometric series and then taking the inverse transform of each term in the series [24] . As shown in Appendix B, this yields
where f k (t) are smooth functions in time, f 0 (0) = 1 and f k≥1 (0) = 0. The exact form of f k (t) is not needed for our discussion and can be found in Appendix B. The relevant observation here is that the Heaviside function gives rise to discontinuity in the slope of c 0 (t) at times kd/v g , which correspond to the retardation times associated with successive exchanges of photons between the central atom and the mirrors (see Fig. 3d ). This behavior is often encountered in the dynamic of quantum systems with delay [25, 26] . However, under typical experimental circumstances, γd/v g 1, and thus the evolution of the central atom appears smooth when the time scale of observation is comparable to 1/γ. With this condition, it is also possible to obtain a compact analytical approximation for c 0 (t) which gives much more insight into the dynamics of the central atom than the exact series solution in Eq. (6) does. In order to see this more clearly, we first discuss the "macroscopic" regime when N γd/v g 1 so that we can set N → ∞ inc 0 (s) 1 . As a result, the Laplace transform in Eq. (5) is simplified tõ
Instead of geometric series expansion, another approach for obtaining the inverse Laplace transform is to identify the poles s j ofc 0 (s). The excitation amplitude is then readily obtained via Cauchy's theorem as c 0 (t) = j r j where r j is the residue ofc 0 (s)e st evaluated at the pole s j . We find that the poles ofc 0 (s) are simple poles confined to the imaginary axis, i.e. s j = iy j where y j is a real number. Moreover, the exact location of the poles are given by the solutions of the equation y = γ cot( 
This results implies that in the macroscopic regime N γd/v g 1, the central atom undergoes sustained Rabi oscillation without decoherence. This is understandable since the atomic mirrors have a reflection bandwidth that is much larger than the frequency width of the photon 1 Although N vg/(γd) in this regime, the assumption that the spatial extension of the mirror is small compared with the distance between the mirrors is still valid as long as N dm d. We can thus safely neglect any increase in the cavity mode volume due to penetration of the field into the mirrors [27] . (a) In the Markovian regime, we retrieve the damped oscillation obtained in [13] , where the photon is not trapped in the cavity. γd/vg = 0.0002 (b) In the transition regime, the lifetime of the photon in the cavity is significantly enhanced. γd/vg = 0.01 (c) In the macroscopic regime, the photon is effectively trapped in the cavity and we observe sustained Rabi oscillation between the central atom and the cavity mode field. γd/vg = 0.02 (d) For a large cavity length γd/vg = 0.5, the retardation effects give rise to discontinuity at times γt = 0.5k with k an integer. This is not captured by Eq. (10) which is limited to the regime γd/vg 1.
trapped in the cavity. Moreover, the Rabi oscillation is proportional to 1/ √ d, which is expected since in one dimension d plays the role of the modal volume of the field in the cavity. Now we consider the more general situation when N γd/v g may have arbitrary value. The two poles nearest to the coordinate origin are shifted to Table I that N c ≈ 1900 for the first configuration with Cesium atoms, N c ≈ 100 for quantum dots and N c ≈ 50 for superconducting qubits. While the first configuration seems to require a large number of atoms, it should be noted that the critical size N c can be reduced by an order of magnitude by slowing light in the photonic-crystal waveguide [28, 29] or increasing the coupling strength between the atoms and the waveguide. Besides, as discussed previously, small position fluctuations do not change much the average reflection of the mirrors forming the cavity; therefore, one does not need a significant extra number of atoms in order to trap the photon in the cavity.
IV. EFFECTS OF DETUNING AND LOSS TO ENVIRONMENT
We have studied the Rabi oscillation of the central atom inside a quantum cavity when the atom is on resonance with one of the natural modes of the cavity, that is, ω A = (2n + 1)πv g /d. We now study the effect of a small detuning between the atomic transition frequency and the cavity modes and show that our model recovers the behaviour predicted by CQED with classical mirrors. In particular, the phase accumulated across the cavity by a photon on resonance with the atom now reads θ = (2n + 1)π + φ with φ π. The frequency of the main cavity mode interacting with the trapped atom is ω c ≡ (2n where the generalized Rabi frequency reads Ω = Ω 2 0 + (∆/2) 2 , similarly to conventional CQED setups [30] .
In realistic circumstances, each atom coupled to the 1D waveguide also emits independently into the freespace environment with rate γ 0 . In practice, this induces additional loss in the cavity and impacts the decoherence rate of the Rabi oscillation obtained in Eq. (10) which would now read κ + γ 0 . We thus see that the decoherence rate is now bounded from below by the loss to the environment at γ 0 , no matter how the key parameter N γd/v g is optimized. However, waveguide-QED setups allow the realization of remarkably high coupling efficiency between the atoms and the waveguide modes, which implies that the period of Rabi oscillation is much smaller than the time scale of the loss for large N . Indeed, for the three configurations in Table I, the ratio between Ω Rabi and the total decoherence rate is around 21, 35 and 20 at the critical number of atoms N c in the mirrors . Hence, one expects to observe many cycles of Rabi oscillation before the photon eventually leaks to the environment. The cooperativity is given by η ≡ Ω 2 Rabi /(γ 0 κ) = 2N (1 + N γd/c)γ/γ 0 , which is very large when N is close to N c . Large cooperativity is essential for many quantum information processing applications based on strong atom-photon coupling such as the nanophotonic quantum phase switch [31] and the atom-photon quantum logic gate [32] .
V. CONCLUSION
When comparing this work with the description of a cavity made of classical mirrors, the reader might be surprised by the apparent need of a non-Markovian theory in order to reproduce standard Rabi oscillation. However, one should notice that the non-Markovianity is required to build up the cavity standing wave out of propagating modes. This is not in contradiction with standard CQED where the standing wave structure is assumed a priori by imposing that the electric field vanishes at the mirrors position. In the latter scenario, one then assumes that the evolution occurs simultaneously throughout the cavity, with the photons being delocalized in the standing-wave spatial mode. Notably, this description is valid in the regime γd/v g 1 where retardation effects are negligible [33] . A non-Markovian treatment is required only when we also consider the dynamics of the mirrors whose characteristic time scale is much smaller than the delay, as can be seen in our calculation.
In this work, we have derived the Rabi frequency and the decoherence rate of the Rabi oscillation undergone by an atom placed inside a quantum cavity formed by atomic mirrors. We found a simple condition for testing whether the dynamics of the system can be correctly described with the Markov approximation. Our approach is valid for both the Markovian regime, where the photon's travel time between the mirrors is neglected, and the nonMarkovian regime, where we found that the photon can be trapped inside the cavity. In the latter regime, we have found that sustained Rabi oscillation, as achieved in conventional CQED with high finesse mirrors, can be observed and the experimental parameters required for achieving it are estimated. As illustrated in Fig. 1b , our system is constituted of two chains of N atoms separated by a distance d, with a spacing of d m between neighboring atoms in each chain, and an additional central atom located between both chains. We consider the situation when the length of the chain is much smaller than the distance between the two atomic mirrors. The Hamiltonian in the interaction picture readŝ
where x j is the position of the jth atom. The state of the system can be written as
where |∅ indicates the combined atom-field vacuum, which is the state when there is no photon in the waveguide and all the atoms are in the ground state. The initial state where only the central atom is in the excited state corresponds to c j (0) = δ 0,j and c a (ω, 0) = c b (ω, 0) = 0. The Schrödinger equation then leads to the following set of equationṡ
In the Weisskopf-Wigner approximation one can replace g ω by g ω A , which is done in the rest of the text. Integrating formally the differential equations for c a (ω, t) and c b (ω, t) and then inserting them into the equations for c j (t), we obtain the following delay-differential equations for the atomic excitation amplitudeṡ
For the configuration of our system, the atoms are located at the following positions
Since the spatial extension of each atomic mirror is much smaller than the distance between the two mirrors, we can neglect the time delay due to the distance between any two atoms in the same mirror. Moreover, we focus on the configurations where ω A d m /v g = lπ for two adjacent atoms in the same mirror, where l is an integer. In this scenario one can check that every coefficient (−1) (j+1)l c j (t) for j = 0 are equal. Denote the excitation amplitude of the cavity by c m (t) =
we then obtain the two coupled delay-differential equations for the central atom and the cavitẏ
For θ = (2n + 1)π, the Laplace transform of c 0 (t), denoted byc 0 (s), is
and c 0 (t) can be obtained by inverting the Laplace transform, which in our case can be done by summing the residues at the poles of e stc 0 (s).
Appendix B: Solving the equation
Let us expand the second term in the expression ofc 0 (s) in a geometric series
We then getc
and by taking the inverse Laplace transform term by term we have
where L −1 denotes the inverse Laplace transform and we made use of
One can check that f k is a smooth function of time since its Laplace transform involves only polynomials, and furthermore f k (0) = 0 for k ≥ 1. The evolution for t < d/v g is that of a single atom in the waveguide, which is due to causality: For t < d/(2v g ), the photon wavepacket emitted by the central atom has not yet reached the mirrors; for t ≥ d/(2v g ), the mirrors can be excited by the influence of the central atom, however their back-action on the central atom will be delayed by another duration of d/(2v g ).
The series solution for c 0 (t) given in (B1) is exact but does not give much insight into the dynamics of the central atom. We now derive the compact analytical In the opposite extreme, the "macroscopic" regime when N γd/v g 1, we set N → ∞ in Eq. (A9) and obtaiñ
The poles, which are given by the zeros of the denominator, must obey 
and the poles are given by the solution of y = γ cot( yd 2vg ). Note that both functions are odd, so if y is a solution then −y is also a solution (see figure 4) . In the limit γd/v g 1, the two solutions closest to the origin are given by
d . There are also other solutions close to each singularity of cot( yd 2vg ), denoted by y j , j = ±2, ±3, . . . . From Fig. 4 we see that
We can now obtain c 0 (t) by evaluating the residue at each pole
The sum can be bounded as follows
since |y j | > (|j| − 1)2πv g /d for j = ±1. Therefore, we arrive at the analytical approximation
One observes that the main contribution to c 0 (t) is from the two poles nearest to the coordinate origin. We find that there is a simpler procedure to obtain the position of these two poles approximately. This is done by expanding e −sd/vg ≈ 1−sd/v g +(sd/v g ) 2 /2 in the expression ofc 0 (s) in Eq. (B3) and finding the zeros of the resulting denominator (which is a cubic polynomial but only two of its zeros correspond to the two main poles we are interested in). Now we study the general case when N γd/v g = a where a can have any finite value. First replace N = av g /(dγ) in the expression ofc 0 (s) in Eq. (A9), and then expand e −sd/vg to second order. Solving for the zeros of the resulting denominator, we find that the two main poles are now shifted to
and their contribution yields c 0 (t) = e − γt 2(1+a) 2 cos 2av g /(dγ)
which is Eq. (10). .
We first focus on the good cavity limit when the photon is trapped, which happens when N γd/v g 1. After setting N → ∞ we havec 
As in the case without detuning, the poles lay on the imaginary axis and satisfy y = γ cot( 
which is consistent with cavity-QED. The probability of excitation is then P 0 (t) = cos(Ωt) + (
For the general case of arbitrary detuning and arbitrary value of the parameter a = N γd/v g , we also found an analytical approximation that matches the exact formula in Eq. (B1) to a high accuracy when γd/v g 1 N , which is given by 
